
 

  
Abstract ––  The swinging up of the pendubot from the rest 

to the upright position is one of the most difficult control 
problems, since the system is nonlinear, underactuated and has 
uncontrollable states. In this paper a continuous control law is 
obtained by solving a dynamic optimization problem which 
considers two weighted performance indexes, the time and the 
energy consumption. The resulting optimal control problem is 
solved via a gradient like algorithm. Simulation and 
experimental results are presented. 
 
 

I.  INTRODUCTION 
 
 The Pendubot consists of two links, one of these is 
actuated (link 1) by a DC motor and the other is not actuated 
(link 2), see Fig. 1. 

 
  Fig.1 Model of the Pendubot 

 Considering the state vector as Tqqqqx ),,,( 2121

••

= , the 
swing up control consists on bringing the links from the rest 
(-π/2,0,0,0) to the upright position (π/2,0,0,0). 
 
 Several control strategies for swinging up the pendubot 
have been proposed. Fantoni, Lozano and Spong [6] 
proposed a control law based on an energy approach and 
passivity properties. Spong and Block [7], [8] proposed a 
control law based on partial feedback linearization 
techniques and Zhao and Yi [4] proposed a bang-bang 
controller where the control parameters are obtained by a 
modified genetic algorithm. 
 
 In references [6] and [7] minimal time is not a criterion 
for swinging up the pendubot. In reference [6] only energy 

consumption is considered as a performance criterion. In 
reference [4] a bang-bang control law is obtained. The 
performance criterion only considers the minimal time for 
the swinging up problem. Due to the dynamic of the actuator 
is not included in the formulation, the switching from the 
minimal to the maximal output torque con not be 
implemented in the experimental results. Hence, simulation 
results are only carried out. 
 
 In this paper a sum weighted performance criterion 
considering minimal time and minimal energy consumption 
is proposed to obtain a smooth control law for the 
experimental results. The optimal control problem is solved 
by using a gradient like algorithm which satisfies the 
optimality conditions [1] in this problem. 
 
 The rest of the paper is organized as follow: In section 
II, the dynamic model of the pendubot is presented. Section 
III states the optimal control problem and presents the 
gradient like algorithm. In section IV, both simulation and 
experimental results are presented and discussed. Further 
work and final conclusions are presented in section V. 
 
 

II.  SYSTEM DYNAMICS 
 
 The equations of motion for the Pendubot can be found 
in [5] or in [8]. In matrix form the equations are: 

  )(),()( qGqqqCqqD ++=
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τ  (1) 
 Where D(q) is the symmetric positive definite matrix  of 

inertia, 
••

qqqC ),( is the centrifugal and Coriolis matrix and 
G(q) is the matrix of potential energy. 
 

The equation of motion for the pendubot (1) can be 
formulated as a nonlinear state-space description 

))(),(( tutxfx =
•

where Tqqqqx ),,,( 2121

••

= is the state 
vector, q1 the angle of the link 1 with respect to the 
horizontal, q2 the angle of the link 2 with respect to the link 
1 and [ ]Ttu 0,)( τ= is the input vector. 

 
In Fig. 1 m1 is the mass of the link 1, m2 the mass of the 

link 2, l1 and l2 the lengths of link 1 and link 2, lc1 the 
distance to the center of mass of link 1, lc2 the distance to the 
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center of mass of link 2, and I1 and I2 the moments of inertia 
of link 1 and link 2 about their centroids 
 
 

III.  SWING UP CONTROL 
 
  Using the Bolza form, the optimization problem is to 
obtain u(i) to minimize the final time and the energy 
consumption to reach the upright position of the links, i. e. : 
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subject to: 
1) Dynamics equation of the Pendubot (3): 

  ),( uxfx =
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 (3) 
2) Initial conditions (rest position) (4): 
 0)0(,0)0(,0)0(,2)0( 4321 ===−= xxxx π  (4) 

3) Terminal constraints ψ (upright position) (5): 
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 If we define the Hamiltonian as in (6) and the auxiliary 
function in (7), where λ and υ are Lagrange multipliers 
  ]tutf[xtL[u(t)]H(t) T )(),()(λ+=  (6) 
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 Following the procedure described in [1], the necessary 
conditions for a stationary solution is given by the 
optimality conditions presented in (8)-(9) with the co-state 
equations (10) and boundary conditions (11). 
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Numerical Solution with Gradient Method 
 
 There are several algorithms to solve the problem 
described above. These methods are characterized by 
iterative algorithms for improving estimates of the control 
histories u(t), so as to come closer to satisfying the 
optimality conditions and the boundary conditions. In this 
paper the gradient algorithm is used. It will lead to a local 

minimum performance index (in the direction of steepest 
descent). 
 
 The development of the gradient algorithm is shown in 
[1]. This algorithm may be interpreted as finding a small 
variation in the control functions ∆u(t), and a small change 
in the final time ∆tf to minimize a linear approximation of 
∆J subject to a quadratic penalty on ∆u(t) and on ∆tf, and to 
a linear approximation to coming closer to the terminal 
constraints ψ=0, namely:  
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 The steps to use the algorithm are:  
1)  Choose the step size ( k > 0 and 0 < η ≤ 1 ) and the 

tolerance or the criterion stop. 
2)  Guess the final time tf initial and the initial control vector 

uinitial(t) for 0 ≤ t ≤ tf. 
3)  Forward integration. Compute and store x(t) of (3) for  
 0  ≤  t  ≤  tf. 

4) Evaluateφ , ψ and determine
•

φ ,
•

ψ . 

5) Backward integration. Compute and store )(tφλ  and 

)(tψλ  for 0 ≤ t ≤ tf: 
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 with boundary conditions 
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6)  Compute )(tH u
φ  and )(tH u

ψ  for 0 ≤ t ≤ tf: 
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7)  Determine υ:  
  gQ 1−−=υ  (15) 
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8)  Compute δu(t) for 0 ≤ t ≤ tf : 
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9)  Compute dtf: 
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10)  Compute δuavg: 
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11) If δuavg and |dtf| and |ψ| are smaller than the tolerance  
then the minimal control vector function u(t) and the 
minimal final time tf  to swing up the pendubot have been 
found else, compute the new u(t) and tf , and go to step 3). 
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IV. RESULTS 
 
A. Swinging Up Control 
 
 The solution of the above problem can find several local 
solution when the initial conditions is changed (k, η, tf initial, 
uinitial). The initial conditions are chosen as: tf=2s, 
uinitial(t)=1.2Nm for t0 ≤ t ≤ tf, k=0.001, η=0.001 and the 
pendubot parameters of the Pendubot are: 
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 The sampling time of 10ms for the experimental result 
is chosen for the swing up control.  
  
 In Fig. 2 it is observed that the open loop control swings 
up the Pendubot  from rest position x=(x1=-π/2, x2=0, x3=0, 
x4=0)  to upright position x=(x1=π/2, x2=0, x3=0, x4=0) with 
a final time tf around 1.36 seconds furthermore the torque 
does not exceed of the motor limits (±4Nm). 
 
 
B. Balancing Control 
 
 The swinging up control does not maintain the links of 
the pendubot on the upright position. A balancing control is 
implemented to keep the links in the upright position. It is 
designed by linearizing the dynamic equations of the 
pendubot around the uppermost unstable equilibrium point 
(upright position) and using a LQR (linear quadratic 
regulator) in the linear system. 
 
 The objective of the LQR [1] is minimizes the quadratic 
performance index 
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Fig. 2. Simulation of the swinging up control in minimal time and energy 
consumption. 
 
subject to the linear system around the equilibrium point 
xreference=(π/2,0,0,0) 

  uBxAx +=
•

 
where Q and R are the weighting matrices, u  is the linear 
control and x  is the linear state vector ( referencexxx −= ). 
 
 The design of the LQR is calculated by MatLab 
utilizing the “lqr” function with the following parameters  
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 The lqr function calculates the optimal gain matrix K 
such that the state feedback law u=-Kx minimizes the 
quadratic performance index. The gain matrix K=[-30.5145 
-30.4607 -7.2518 -4.7863] keeps the links on the upright 
position. 
 
 
 
 



 

C. Combining and Implementing the Controllers 
 
 With the swinging up control and balancing control the 
control is completed. A switching strategy is used to give 
the suitable switching to the control signal by watching the 
states of the system, i.e., when rad<|-|x 35.0  2/1 π  and 

rad<||x 17.0  2 , the control vector u(t) will be the balancing 
control with a sampling time of 5ms or the other way the 
control vector will be swing up control with a sampling time 
of 10ms. 
 
 In Fig. 3 the open loop control law (swing up control) 
takes the first 0.90 seconds to bring the links from rest 
position to upright position. The control law is switched and 
the balancing control enters around 0.91 seconds 
maintaining the links on the upright position. 

 
Fig.3. Experimental result of the swing up control and balancing control. 
 
 

VI.  CONCLUSION 
 
 We have presented a control strategy for the pendubot 
that brings the links from the rest position to upright 
position in minimal time and with minimum energy 
consumption. The control strategy is based on an 
optimization theory by proposing a sum weighted 
performance index which considers minimal time and 
minimization of energy consumption.  
 
 The optimality conditions are satisfied by using a 
gradient like algorithm which provide a smooth control law. 
 

 The swing up control has been tested in simulation and 
experimental results giving a final time around 1 second. 
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